Abstract. We explicitly describe cohomology of the sheaf of di¤erential forms with poles along a semiample divisor on a complete simplicial toric variety. As an application, we obtain a new vanishing theorem which is an analogue of the Bott-Steenbrink-Danilov vanishing theorem.
Introduction
Phillip Gri‰ths in [G] calculated the cohomology of smooth hypersurfaces in a projective space. His method used the Gysin exact sequence, and the problem was reduced to finding the cohomology of the complement of the hypersurface in its ambient space. The latter cohomology was easily found due to the vanishing theorem of R. Bott in [Bot] :
Þ Á ¼ 0 for an ample divisor X and k > 0:
This theorem was extended to an ample divisor on a complete toric variety (see [BFLM] , [D] and [BC] ).
As in the case of projective hypersurfaces, in order to compute the cohomology of X quasismooth hypersurfaces in complete simplicial toric varieties P S , one needs to know the cohomology of the twisted sheaves
An important case to consider is when the divisor X is semiample. For toric varieties this means that the corresponding line bundle is generated by global sections. The Bott vanishing theorem does not hold for semiample divisors. However, in this paper we explicitly calculated the cohomology of the twisted sheaves W l P S ðX Þ and, in particular, we discovered a new vanishing theorem for semiample divisors:
where i is the Kodaira-Iitaka dimension of the divisor X . When the divisor X is trivial this reduces to the well-known Danilov's vanishing result for the cohomology of a complete simplicial toric variety:
Moreover, for k ¼ l, we recover Danilov-Jurkevich's description of the cohomology of a complete simplicial toric variety.
The plan of the paper is as follows. In section 1, we compute cohomology of Ishida's complexes that are necessary in studying cohomology of sheaves W l P S ðX Þ. Then, in section 2, we calculated H k À P S ; W l P S ðX Þ Á for a semiample divisor X on a complete simplicial toric variety P S . As a consequence of this result, we obtain the vanishing theorem (1). We also find a dimension formula for this cohomology and explicitly represent the generators of cohomology H k À P S ; W l P S ðX Þ Á in terms of the Č ech cocycles.
Cohomology of Ishida's complexes
Ishida's complexes have appeared as a result of studying sheaves of di¤erential forms on toric varieties. In this section, we will compute the cohomology of Ishida's complexes of modules.
First, we fix some standard notation: M is a lattice of rank d; N ¼ HomðM; ZÞ is the dual lattice; S is a finite rational (usually simplicial) fan in the R-scalar extension N R ; SðkÞ is the set of all k-dimensional cones in S; e 1 ; . . . ; e n are the minimal integral (primitive) generators of the 1-dimensional cones r 1 ; . . . ; r n A Sð1Þ. Definition 1.1 ( [O1] ). Let S be a fan in N R and l ¼ 0; . . . ; d. Then Ishida's l-th complex of Q-modules is denoted C Ã ðS; lÞ, where 
À g
Star Star g ðSÞ; l À dim g Á . The di¤erential on the latter complex is induced from the first one.
As in [Is] , Proposition 1.8, we note the following statement. We are interested to find cohomology of the Ishida complex in the case when the fan is a simplicial subdivision of a convex cone. First, consider the simplest case, when the fan consists of faces of a simplicial cone. Lemma 1.6. Let t be a simplicial cone in N R . Then the higher dimensional cohomology of the complex
where the di¤erential d is defined as in Defintion 1.1, vanishes and the zeroth cohomology of it is V l t ? .
Proof. Since the Koszul complex
where e r is a Q-generator of the 1-dimensional cone r, is known to be acyclic (see [D] , Appendix 2), we get that the zeroth cohomology of our complex is equal to
We use the induction on the dimension of the cone t to prove the acyclicity of the complex. The statement holds for dim t ¼ 1, because the map
where e t is the minimal integral generator of t, is surjective.
For dim t > 1, write t ¼ t 0 þ r 0 where t 0 and r 0 are the facet and the edge of t, respectively. Let S be the fan consisting of faces of t, and S 00 be the fan consisting of faces of t 0 , then S 0 ¼ SnS 00 ¼ Star r 0 ðSÞ. So, by Proposition 1.5, we get a long exact sequence in cohomology:
Note that H k ðS 00 ; lÞ vanishes for k > 0 by the induction assumption. On the other hand,
Since g Star Star r 0 ðSÞ is a fan consisting of the faces of the simplicial cone t, which is the image of t in the quotient space N R =ðN r 0 Þ R , the latter cohomology group vanishes for k > 1, again, by the induction. Hence, the middle term H k ðS; lÞ ¼ 0 for k > 1 as well. To show that it also vanishes for k ¼ 1, consider the first terms of the exact sequence: 
To show that H 0 ðS 00 ; lÞ ! H 1 À Star r 0 ðSÞ; l Á is onto, which will give the desired result, it suffices to show that
But the dimensions are the binomial coe‰cients
, which satisfy the well know combinatorial identity. r
The next definition is motivated by the Chow ring of a complete simplicial toric variety (see [D] ). Definition 1.7. Let S be a fan in N R with the integral generators of the 1-dimensional cones e 1 ; . . . ; e n . Then define the Chow ring of S as
where
and
Note that AðSÞ Ã is a Z-graded algebra assuming deg D i ¼ 1.
Theorem 1.8. Let S t be a simplicial subdivision of a convex cone t in N R . Then cohomology of the corresponding l-th Ishida complex is
Proof. First, note that the k-th degree of the Chow ring AðS t Þ is spanned by
, because of the relations PðS t Þ and SRðS t Þ. Also, the relations
hm; e g 0 ; g iD g ; ð2Þ for all g 0 A S t ðk À 1Þ, where m A M X g 0? and e g 0 ; g A N is a primitive generator of g, but not of g 0 . There is a natural homomorphism from AðS t Þ k n V lÀk t ? to the cohomology
With this map the relations among
lÞ is well defined. We will prove by induction that this homomorphism is an isomorphism in a slightly more general situation: all maximal cones in the fan S t lie in t, have the same dimension equal to dim t, and the support of the fan is topologically equivalent to a convex cone.
Suppose we are given a simplicial subdivision of t. Pick a cone of the dimension equal to dim t from this subdivision. Then for S 1 t consisting of the faces of this cone, the statement easily follows from Lemma 1.6. Let us construct inductively, the following sequence of subfans S 
By induction, we can assume that AðS
, where the induction is applied to the fan g Star Star r ðS i t Þ lying in the image t of the cone t in the quotient space ðN=N r Þ R . Using the description of AðS i t Þ in terms of D g , one can easily show that there is a natural exact sequence:
Hence, we get a commutative diagram with exact rows and with the right-and left-hand vertical maps being isomorphisms:
. By the 5-lemma (see [E] ), the middle vertical map is also an isomorphism. r Corollary 1.9. Let S t be a simplicial subdivision of a convex cone t in N R . Then
Proof. First, we guess the formula based on the answer for complete simplicial fans (see [O2] , Corollary 4.2). Then check that it also holds for a fan S t consisting of faces of a simplicial cone t and prove it by the induction using the exact sequence from the proof of the above theorem. r Remark 1.10. One can consider Ishida's complexes of Z-modules. However, for a fan with singular cones, the corresponding cohomology of Ishida's complexes may have torsion.
Cohomology of rational forms and a vanishing theorem
Our goal in this section is to compute the cohomology H k À P S ; W l P S ðX Þ Á for all k, l and a semiample divisor X on a complete simplicial toric variety P S . While not all of these spaces vanish for k > 0 as it was in the case of an ample divisor, we discover that some of them do vanish. The result for a trivial divisor gives the well-known description of the cohomology of a complete simplicial toric variety.
Before we can state our results, let us review some futher notation. Let P S be a d-dimensional complete toric variety associated with the fan S in N R . We denote by T s a torus corresponding to the cone s A S and by V ðsÞ the closure of T s in P S . Also, D 1 ; . . . ; D n are the torus invariant irreducible divisors in P S , corresponding to the primitive generators e 1 ; . . . ; e n of the 1-dimensional cones. The polynomial ring S ¼ SðP S Þ ¼ C½x 1 ; . . . ; x n is called the homogeneous coordinate ring of the toric variety P S . A torus invariant Weil
a i D i on the complete toric variety gives rise to a convex polytope
There is also a support function c D : N R ! R which is linear on each cone s A S and c D ðe i Þ ¼ hm s ; e i i ¼ Àa i for all e i A s and some m s A M.
We will work with semiample divisors which are conveniently classified by the following definition.
Definition 2.1 ([M3])
. A semiample Cartier divisor D (i.e., O P S ðDÞ is generated by global sections) on a complete toric variety P S is called i-semiample if the Kodaira-Iitaka dimension kðDÞ :
ÁÁ is the rational map defined by the sections of the line bundle O P S ðDÞ.
These divisors satisfy the property:
Theorem 2.2 ([M3]).
Let ½D A A dÀ1 ðP S Þ be an i-semiample divisor class on a complete toric variety P S of dimension d. Then, there exists a unique complete toric variety P S D with a surjective morphism p : P S ! P S D , arising from a surjective homomorphism of lattices To perform the calculations of the cohomology of the twisted sheaves we need to use Ishida's complex of sheaves which is a resolution of W l P S (see [O1] , Section 3.2). Let us recall its construction. Define
for 0 e k e l, where DðgÞ :¼ P g 0 V ðg 0 Þ is the anticanonical divisor on V ðgÞ, and set
Then, there are natural morphisms
induced by the Poincaré residue maps
for the component V ðg 0 Þ of the divisor DðgÞ on V ðgÞ, if g A SðkÞ is a face of g 0 A Sðk þ 1Þ. If g A SðkÞ is not a face of g 0 A Sðk þ 1Þ, then the corresponding map R g 0 ; g ¼ 0.
By [O1] , Theorem 3.6, the following sequence is exact
since P S is simplicial. Twisting this sequence by O P S ðX Þ gives another exact sequence
which is a resolution of the twisted sheaf. Here,
We will now use this resolution to compute the cohomology of the twisted sheaves.
Theorem 2.3. Let b ¼ ½X A A dÀ1 ðP S Þ be a semiample divisor class on a complete simplicial toric variety P S , and let p : P S ! P S X be the associated canonical contraction. Then
is defined similar to Definition 1.7.
Proof. Since
(see [O1] , Corollary 3.2), the sheaf I k; l P S ðX Þ is a direct sum of the semiample sheaves O V ðgÞ ðX Þ. By the vanishing of the higher dimensional cohomology of a semiample sheaf (see [D] , Corollary 7.3), it follows that the resolution (3) is acyclic, whence the cohomology of the twisted sheaf W l P S ðX Þ can be computed as the cohomology of the complex of global sections (see [I] , Proposition 4.3):
By the identifications (4) and the isomorphisms (see [C] )
where s A S X is the smallest cone containing the image of g, this complex can be rewritten as
, and e g 0 ; g is the minimal integral generator of the cone r A Sð1Þ contained in g 0 but not in g.
Next, notice that the monomials in S b naturally correspond to the lattice points of the polytope D X , by [C] . With respect to this identification, the monomials in
(see [M3] ) are the lattice points in the face of D X corresponding to the minimal cone s A S X containing the image of g. The natural grading of S À V ðgÞ Á b g , for g A S, by the lattice points of D X induces a grading on the sequence (5), and it is not di‰cult to see that the maps d in (5) , where s A S X corresponds to the minimal face of D X containing the lattice point associated to the monomial. From here, it follows that the k-th cohomology of (5) is isomorphic to the direct sum, by s A S X , of the tensor products of the complex spaces À S=hx j :p pðr j Þ H si Á bÀb 0 þb s 1 and the k-th cohomology of the complex
Recognize that this is the Ishida complex of Z-modules for a simplicial subdivision of the convex conep p À1 ðsÞ induced by the fan S. Since we tensor the cohomology groups of this complex with complex spaces, we can discard torsion and use Theorem 1.8. After noting
the result easily follows. r
As a consequence of the above theorem, we get the following vanishing result, which is an analogue of the Bott-Steenbrink-Danilov vanishing theorem (see [BFLM] ).
Theorem 2.4. Let X be an i-semiample divisor on a complete simplicial toric variety P S . Then
ðX Þ Á ¼ 0 in this case directly from the complex of global sections of sheaves arising from the exact sequence (3), since that complex does not have nonzero terms after l.
Remark 2.5. When X is a trivial divisor (i.e., i ¼ 0), this theorem gives the vanishing part of the cohomology of the complete simplicial toric variety P S :
Þ G C n AðSÞ k , which is the Danilov-Jurkevich description of the cohomology of a complete simplicial toric variety with coe‰cients in C (see [D] ). We should also remark that Theorem 2.4 can not be extended to arbitrary complete toric varieties, because in the case when X is trivial we get
Þ, which may be nontrivial for k < l (see [ADu] ). However, for k > l and a complete toric variety P S , cohomology H k ðP S ; W l P S Þ ¼ 0 by [D] . It will be interesting to see if the vanishing result of Theorem 2.4 holds for complete toric varieties when k > l.
We can also deduce a generalization of the Kodaira vanishing theorem for toric varieties, which was proved by a di¤erent method in [Mu] and [BBo] (see also [CDi] ).
Theorem 2.6. Let X be an i-semiample divisor on a d-dimensional complete simplicial toric variety 
Corollary 2.7. Let X be an i-semiample torus invariant divisor on a d-dimensional complete simplicial toric variety P S as in Theorem 2.3. Then [Ma] calculated the Bott formula for ample divisors on complete simplicial toric varieties. Let X be ample on P S , then X is d-semiample and S X ¼ S consists of simplicial cones. For k ¼ 0 in Corollary 2.7, we get
For k > 0, the combinatorial identity
which follows from
If X is trivial on P S , then S X and D X are just points. We get
These are the formulas in [Ma] , Theorems 2.14 and 3.6.
The next thing we will do is to describe
ðX Þ Á via Č ech cohomology. The toric variety P S has an a‰ne open cover U ¼ fU t g, where
and t A SðdÞ have the maximal dimension. This cover induces an a‰ne open cover on all subvarieties V ðgÞ H P S as well. Using the notation in [BC] , let m A M correspond to the di¤erential form P n i¼1
hm; e i i dx i x i .
Proposition 2.9. Let X be a semiample divisor on a complete simplicial toric variety P S defined by f ¼ 0 for f A S b . Then, under the isomorphism of Theorem 2.3 and the natural isomorphism ðX Þ. Then, by the exactness of (3), we get short exact sequences of sheaves
which give rise to the long exact sequences in cohomology:
Since higher dimensional cohomology of I j; l P S ðX Þ vanishes, the connecting homomorphisms are isomorphisms for k À j > 0 and epimorphisms for k À j ¼ 0. Thus, we get isomorphisms: 
